Exponential cosmological redshift in a linearly expanding universe 
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The first principles analysis of the radiation by an arbitrary source in a flat Friedmann-Robertson- 
Walker space-time is presented. The obtained analytical solution explicitly shows that the cosmo- 
logical redshift is not of kinematic origin and that the source and the observer may be regarded as 
being at rest with respect to eachother at all times. At the same time the effect of the time- variation 
of the metric on the propagation of light appears to be underestimated in the standard cosmology. 
The cosmological redshift caused by the linear time- variation of the metric turns out to be an expo- 
nential rather than linear function of the well-defined spatial distance and the apparent brightness 
of the source contains an even stronger exponential decay factor. 
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The distance-dependent redshift of the electromag- 
netic radiation from stellar sources is the key observa- 
tional parameter in astronomy and a reality-check for 
any viable cosmological theory. The expanding universe 
model described in general relativity by the Friedmann- 
Robertson- Walker (FRW) metric [l| is accepted as the 
most natural explanation of the observed data, i.e., the 
Hubble's approximately linear law. This law has been 
deduced experimentally by estimating the distances to 
particular types of redshifted stellar sources ~ standard 
astronomical candles - from the measurement of their 
apparent brightness Q . The preferred theoretical expla- 
nation goes back to Lemaitre 3] and is based on the 
analysis of the light-cone condition for the space-time in- 
terval in the FRW metric. However, the original linear 
Hubble's redshift law is recovered only in the "small" dis- 
tance (small redshift) approximation An exact law 
universaly valid for large distances and large redshifts 
has never been derived. Recently we have seen a surge 
in the astronomical data containing extremely high red- 
shifts . There is also a growing interest in various new 
cosmological scenarious, e.g. inflation, accelerated ex- 
pansion, varying speed of light theories, and cyclic uni- 
verses [6| . Since all of these theories and data need to be 
tested against the simplest flat-space linearly expanding 
universe model, the exact redshift and apparent bright- 
ness (or luminocity) formulas resulting from this basic 
cosmological model and valid for all distances have be- 
come especially important. 

On the other hand, the physical meaning of the ex- 
panding universe model is also still open to debate 
What exactly is expanding? Does the spatial separa- 
tion between galaxies actually grow in time? How can 
this mutual recession be superluminal (for higher red- 
shifts)? These elementary questions seem to have as 
many answers as there are cosmologists, with the ma- 
jority favouring a more or less literal picture of galaxies 
flying apart. This is often appended by a vague state- 
ment that they are not flying apart in space, but rather 



because the space itself is expanding. This interpretation 
is an important part of the standard model of cosmology. 
In particular, the literal expansion interpretation means 
that in the past all objects were physically closer to ea- 
chother, and that there was a very densely packed state 
in the beginning - the Big Bang. 

Being a very simple algebraic expression, the space- 
time interval, which forms the backbone of the modern 
cosmological analysis, unfortunately, allows conflicting 
interpretations still causing many confusions and heated 
debates Q. Even the most basic conclusions are not as 
clearcut as it seems. For example, being shown the in- 
terval in the flat expanding FRW metric 



ds^ = c^At^ 



a^{t) {Ax\ + dxl + dxl) , 



(1) 



we usually hear something like this: The change of the 
scale factor a{t) with time, e.g. linear growth, means that 
all spatial distances are increasing with time. Hence, all 
objects will be receeding from eachother. This seemingly 
obvious statement, in fact, does not follow from ([T]) at all. 
What we see in ^ is that the spatial interval is changing 
with respect to the time-interval. Whether this means an 
increase of the spatial distance with time as well remains 
to be seen. In particular, does the co-moving distance 
a{t)R have any physical meaning? 

Here and in the companion paper Q devoted to the 
wavepropagation in non-autonomous time- varying media 
I describe a general first-principles approach which may 
provide a definitive resolution of this and other interpre- 
tational problems. I obtain the exact redshift-distance 
relation valid for all distances and show the way to de- 
rive the exact brightness (luminocity) formula. The basic 
idea goes back to Schrodinger and amounts to first posing 
and solving a general-relativistic problem for an arbitrary 
electromagnetic source radiating into a homogeneous in- 
finite background with an FRW metric, and only then 
trying to find the physical interpretation. Fortunately, 
the solution is analytical and its complete derivation can 
be found in However, it does have several surpris- 
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ing features, which in my view call for a second look at 
our redshift data and may even require a revision of the 
standard intepretation mentioned above. First of all, the 
solution explicitly shows that the cosmological redshift is 
not of kinematic origin. Secondly, the influence of a time- 
varying metric on the electromagnetic field seems to be 
severely underestimated in the standard cosmology. Not 
only the exact Hubble law turns out to be exponential 
rather than linear, but there is also a very strong expo- 
nential decay in the apparent brightness of the source. 
The latter is heavily relied upon in the verification of the 
Hubble law and to find possible deviations from its linear 
form for higher redshifts. 

The earliest and, probably, the most complete at- 
tempt along the present lines is the Schrodinger's 1939 
paper [?]. Schrodinger, however, considered the co- 
variant scalar wave equation without the source term, 
which, strictly speaking, is not the equation governing 
the electromagnetic radiation by a causal source. The 
first-principles analysis should start with the covariant 
first-order Maxwell's system, and proceed by deriving 
the corresponding wave equation, including the source- 
term, and solving it. Although, the first-order formula- 
tion of the probem has been considered many times since 
im, , no deviations from the original linear Bub- 
ble's law were reported. 

In Cartesian coordinates the FRW metric of a spatially 
flat expanding universe is 
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with determinant g = —a^{t), where a(t) is the cuvature 
radius determining the ex pan sion rate. As was demon- 
strated by Tamm l^, the electromagnetic field 
in an empty, but curved space-time, at each location x 
and with respect to the local time t satisfies the usual 
Maxwell's equations in the (3 + l)-form 



'V X H(x,i) +9tD(x,t) = -V^J(x,i), 
V X E{x,t) + dtB{x,t) ^ 0, 



(3) 



with the following metric-induced local constitutive rela- 
tions: 



D(x, t) = eoeEU. t) + -wx H(x, t), 

c 

B(x, i) — fiofitl(x,t) — -w X E(x, t), 

c 



(4) 
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with ij = 1,2,3, and [g"''] = [ga^,] ■ 
metric ([2]) these relations reduce to 

D(x,i) =eoaWE(x,i), 
B(x,t) =^oaWH(x,t), 



For the FRW 



(6) 



Substituting these into ([3]) we arrive at the following 
Maxwell's equations: 



-V X B(x, t) + /ioa(t)9tD(x, t) = -/ioa^(t)J(x, t), 
V X D(x, t) + eoa(<)9tB(x, t) = 0. 



(7) 



Let us clarify the physical meaning of our coordinates. 
The Maxwell equations (O describe the local behaviour 
of the electromagnetic field. The time- variable involved is 
called the synchronous time f4] , meaning that any phys- 
ical process, say, emission of N photons, which takes T- 
seconds of local t-time at some spatial location will take 
exactly T-seconds of local t-time, if it would happen at 
another location. The fact that we can write the covari- 
ant Maxwell's equations in the simple form ([7]) and not 
worry about the choice of the spatial coordinate system 
is due to the spatial flatness of the FRW metric, which 
we assumed at the beginning. Any (flat, stationary, no 
stretching, etc.) rectangular Cartesian system would do 
3- 

Now, we introduce a variable change 



Tit) 



to 



dt' 



(8) 



where to is the "switch-on" moment of the causal source 
J(x, t). The new time-like variable is known as the cos- 
mological time, and the corresponding variable change 
procedure is sometimes called a conformal transforma- 
tion 0, since it transforms the general-relativistic FRW 
metric into the Minkowski metric of special relativity. In- 
deed, in terms of this new variable the Maxwell equations 
become 



X B(x, r) + fiadr'D{x, t) = -fiQa'^{T)J{x, t), 
V X D(x, r) + eo9rB(x, t) = 0, 



(9) 



and are the same as Maxwell's equations in Minkowski 
vacuum up to the right-hand side and the above vari- 
able change. At this moment we still cannot say whether 
the source is receeding with respect to the observation 
point or not, as the Maxwell equations represent a lo- 
cal relation between the current density and the fields at 
the same point in space. To make any conclusions about 
the possible physical recession we need an explicit solu- 
tion of these equations relating the current density at one 
location to the fields at some other location. 

From the mathematical point of view, the right-hand 
side of ([7]) contains functions of r which must be inter- 
preted as a{t{T)) and J(x,i(r)), where ^(t) is a func- 
tion inverse with respect to T{t). Obviously, this in- 
verse function is well-defined whenever a{t) > for all 
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t > tf). Equations ([9]) are identical in form to the vacuum 
Maxwell's equations and therefore have a well-known an- 
alytical solution. In particular, they can be reduced Q 
to the following scalar wave equation: 



1 



AD(x,r)--9^D{x,T) 



T 

\dr[a\T)3i^,T)] -V(V-) / a4(r')J(x,T')dr'. 

Cq J 



(10) 



Now we can see the crucial difference between the present 
approach and that of Schrodinger [i^ . Although the left- 
hand side of pUj) is formally the same as the one obtained 
in , Schrodinger had to use a different variable change 
to arrive at it. Indeed, the covariant approach to a scalar 
wave equation would have resulted in a^{t) in the de- 
nominator of ([8]), whereas what we have used here is in 
perfect agreement with the usual definition of the cosmo- 
logical time, represents a conformal transformation, and 
appears in other first-order formulations of the problem 
lol 11 . 1^ . The explicit solution of pTT]) in (x, r)-domain 
is: 



E(x,t) = 



«^^^')-^(-'^')d.'dx' 



eoa(r) 



47r|x - x'|3 
[3Q-I] a4(rr)J(x',T,.)^^, 



47r|x — X' 



f\2 



coeoa(T) 



47r X — x' 



a.K(r)J(x',r)]|^^^ , 
— dx , 



In this formula 

[Q(x-x')], 



{Xi X^)[xj Xj) 



(11) 



(12) 



and I denotes the Kronecker (3 x 3)-identity tensor. The 
retarded r-time is 



(13) 



Co 



Apart from the source modulation (discussed below) , the 
obtained (x, r)-domain solution is mathematically iden- 
tical to the (x, i)-domain free-space radiation formula Q. 
It does not provide any clear evidence of the mutual re- 
cession between the source at x' and the observer at x. 
In fact, there are only two possibilities for the recession 
to enter our solution: either in the form of the co-moving 
distance a(r)|x — x'| in terms of the comsological time r, 
or in terms of the synchronous time as a(t)|x — x'|. If the 
recession is really happenning, then this co-moving dis- 
tance should appear everywhere, where one would nor- 
mally have a stationary distance |x — x'|, i.e. both in 



the distance-dependent decay factors and in the retarded 
time expression. At the moment we can already dismiss 
the first of the above possibilities. Of course, we could 
artificially group the a(T) terms in the denominator with 
the corresponding |x — x'| terms. However, as shown be- 
low, this is mainly influencing the magnitude of the re- 
ceived field. For the recession to really cause the redshift 
the co-moving distance should be present in the tempo- 
ral argument of the current density, i.e. in the retarded 
T-time ([T3|) . which is obviously not the case. 

If there is no mutual recession, where does the redshift 
come from? Mathematically, the reason for the cosmo- 
logical redshift may be formulated as follows. The (elec- 
tromagnetic) processes that are synchronous in the local 
synchronous time t are not synchronous in the cosmo- 
logical time r, and vice versa. To show this explicitly 
we need to re- write the (x, r)-domain radiation formula 
(|lip as an (x, i)-domain formula, which requires an in- 
verse transformation tir). For a general expansion rate 
a(t) > this inverse transformation exists but is implicit. 
For the linear case, a{t) = gq + bt, however, the integral 
((HI) can be evaluated and the resulting algebraic equation 
can be solved for t as: 



t = 



ao + bto 



Oq 

b ' 



which also means 



a(T) = (ao + bto) e 



bT 



(14) 



(15) 



The most obvious demonstration of the redshift comes 
from considering a monochromatic source In that 
case the right-hand side of pTjl contains trigonometric 
functions, say sin(wt). In view of ITil) and (jl3p this fimc- 
tions will enter pTjl as 



M\\ • ( ( 0,0 + bto bfT-lx-x'l/cn) "^0 
Tj.)) = sm LU I 





(16) 



or, recognizing here the t-domain result, as 

sin (iv't + ^{lu' -Lu)y (17) 
where the new frequency is 

'I. (18) 



uj = toe ^0 



Hence, a monochromatic signal sent at frequency to from 
x' will be observed at x at a lower frequency uj'. More- 
over, this cosmological redshift will have an exact expo- 
nential dependence on the distance between the source 
and the observer. At this point we can dismiss the other 
possibility for the mutual recession between the source 
and the observer. We have just analyzed the retarded 
time expression in the (x, f)-domain and dot see any signs 
of the CO- moving distance a(i)|x — x'| in it. On the bright 
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side, the present interpretation is completely free from 
any conceptual problems as far as redshifts larger than 
one are concerned. Since their origin is clearly not kine- 
matic, no superluminal velocities are required to explain 
them. It is also interesting to note that the redshift is 
completely independent of the inital moment of expan- 
sion, as long as this initial moment was before or exactly 
at to - the moment at which the source starts radiating. 

This redshift effect is a case of the general time dila- 
tion, which is confirmed by the observed apparent change 
in the duration of various well-understood astronomical 
processes. Let the two characteristic time instants in the 
evolution of the source current density be tf^ and tf'^. 
The local-time interval at the source location x' is then 



btn 



(19) 



where rf''^ and t|'''^ are the corresponding r-times. To 
derive the corresponding local times at the observer lo- 
cation we apply in and obtain: 



Af 



<rcc 



<rcc 
'^2 



0.0 + bto 



€"0 



Hence, it follows that 



At"" 



€"0 



(20) 



(21) 



Thus, the general time-dilation in a flat universe linearly 
expanding at a constant rate b is an exponential function 
of the distance between the source and the observer. In 
the redshift formula for an exponentially expanding 
(de Sitter) universe is derived. Similarly to the linear 
case, it is a function of distance which mathematically 
does not even resemble the expansion rate function a{t). 

So far we have considered just one effect of the time- 
variation of the metric - the cosmological redshift. In ad- 
dition to that the obtained analytical solution pTjl shows 
the modulation of the source by the fourth power of the 
expansion rate. This demonstrates that there is more 
to the time-varying metric than a simple change of the 
rate of emission due to the time dilation. Substitution of 
(fT5|) into (fTTj) with the retarded time (fT3|) will produce a 
multiplier of the form 



a(Tr) = (ao + bto) e^'^' = a(T)e 



r|x-x'| 



(22) 



Since this term comes in the fourth power, the addi- 
tional decay in the luminocity is by far stronger than 
would follow from the reduced emission rate. In fact, 
the sources are disappearing from our view significantly 
faster than they get redshifted. This means that the ex- 
act redshift-luminocity relation for a linearly expanding 
universe, which still needs to be wroked out, is probably 
also different from the currently used one, especially at 
higher redshifts. 



The modulation of the current produces another cu- 
rious effect. We know that a DC-like current does not 
normally radiate. This follows from the fact that the far- 
field term for a vacuum background contains the time- 
derivative of the current. However, now the current is 
multiplied by the expansion rate. Thus, a DC-like cur- 
rent in a time- varying metric will radiate into the far-field 
zone. On the other hand, a time- varying current, which 
normally does radiate, will be effectively silenced, if its 
time variation happens to coinside with a~'*(T). 

In conclusion, the derived analytical radiation for- 
mula for an arbitrary source in an infinite, flat, lin- 
early expanding universe provides the exact exponential 
redshift /time-dilation law valid for all distances and free 
from intepretational problems for higher redshifts. It ap- 
pears that both the dime-dilation and the decrease in the 
apparent brightness of the sources caused by the inter- 
action of light with a time-varying FRW metric have so 
far been greatly underestimated. The obtained solution 
provides no convincing evidence for the change of the dis- 
tances between the source and the observer in the FRW 
cosmology. Paradoxically, expanding universe does not 
follow from the expanding metric. 
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